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� s@1 Gx?

±(1 + i)/
√

2
. wI19FB ?b? F1hB87;H@ B09G2?I@ 0BT0?J6213@6G0B8I?I6a
n
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�ëõó øêììýêï�� çé çï	ìùðèëð í ùóëîìò
 ìêè óëø�è�ôï� è çé èìõüîìùóõéèïçè� í çì ó øêì
 éëëóìçïõ� � �êîóò øìùèôéê ùéçóéò èìòû ëõû óèóëèìêóð ëì�ùïçóð çééôîõóùìôì� �éìòéèêóó �
� ïêïîèéêçï èïî é ùêû�ïð ë	éòï í îì�ùï çï�õðùç� é øêììýêï�� éëèü í çìøêé çó� ìø�è òéúïéè øêóçðèü ìöéôóùçìé � � ïçèìê í ìèîê�ôúó� í öèì ìèêé��ìî ó îôïùêïè óòé�è ìùóçïîìôìé îìõóöéëèôì èìöéî í øóëïõ � ñ� �èì ôó ûíçì çé ôéê� �÷ �òû øìèêéýìôïõóëü èêó �ìùï çï øêéìùìõéçóé øëó	ìõì�óöé�ëîì�ì ýïêüéêï �
{1T80Bb B;3o A A12:7?A3I42 5637B2 � IBF1 ?b ? 1@8?@6@o �:15?2G 1I6 ABA h4 I?1x6FBII1 83:748BH@ 8 3B24k 0BTI4k1h7B3@;k . S B :1@12G� 5@1 83; 2B@?2B@6AB 3@16@ IB 63:17oT18B�I66 371x?I6; 6 G2I1x?I6; � F7; A1@104k A12:7?A3IB; :713�A13@o � I?6Th?xI4a `6IB7 0B3J60?I6; IB@G0B7oI191 0;FB .
�� ïî ý� çïöóçï� è ó�ûöïèüëð �õï�ìõ� ô ìèê� ôé ìè ëû� éëèôóèéõüç�	 �

K



E1s@12G 690181? :17? 6 F7; h?3A1I?5I4k 0;F18 � 6 F7; F6`G�018 � 6 F7; @?1066 8?01;@I13@?a � 1FI1 6 @1 x? .

�@2?5?IIB; 84J? 5?718?5?3AB; :1@0?hI13@o 8 0?B7oI4k:011h0BTBk Bh3@0BA@I4k :1I;@6a � 6 :71kB � 6 k101JB 1FI1�80?2?II1 . ^ 1FI1a 3@101I4 � 1IB 2?JB?@ 86F?@o ;3IGH 7196�5?3AGH AB0@6IG� 3 F0G91a � BA@686T60G?@ :163A IB97;FI4k6I3@0G2?I@18 6 A1I3@0GA_6a . ^ 1FI1a 3@101I4 � A12:7?A3I4?5637B � s@1 s7?2?I@4 86FB
z = x+ iy, Ú-.= .CÛGF187?@810;Hb6? G37186H
i2 = −1

� 1h45I42 :0B867B2 371�x?I6; � G2I1x?I6; � � 6 s@62 83? 3ABTBI1 . ^ F0G91a 3@101I4 �0BT15B018BII1? :1F31TIBI6? 6b?@ IB97;FI13@6 � 6 81TI6ABH@:1:4@A6 sA868B7?I@I4k :0?F3@B87?I6a . E15?2G h4 � 3ABx?2 �s7?2?I@G Ú-.= .CÛ I? 31:13@B86@o 8?A@10 IB :713A13@6 3 A110F6�IB@B26
x
�
y
� A1@104a 21xI1 TB:63B@o 8 :17;0I4k A110F6IB@Bk

z = r(cosϕ+ i sinϕ).

y

x

r

ϕ

¸ º® Æ � Æ� Æ � ¯¶µ´¸
z = x+ iy

wF?; 1ABT48B?@3; :71F1@810I1a . E1 35B3@76812G 3@?5?I6H1h3@1;@?7o3@8 :06 G2I1x?I66 563?7 B09G2?I@4
ϕ
:013@1 3A7B�F48BH@3; � � B s@1 Gx? 386F?@?7o3@81 h17oJ1a GFB56 6 :1:BFB�I6; 8 I?AGH F?3;@AG. E1@12 ?b? :06:7H31848B?@3; A0B368B;`102G7B ta7?0B

eiϕ = cosϕ+ i sinϕ,

-|
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Ë Ì� �ÎÏÎÒÖ Ö �Î�×�� �Ô��
w@BA � :13@?:?II1? 0B3J60?I6? IB@G0B7oI191 0;FB

0
�
1
�
2, . . .:137?F18B@?7oI1 :0681F6@ A :1;87?I6H 1@06_B@?7oI4k � 0B�_61IB7oI4k � F ?a3@86@?7oI4k � � IBA1I?_ � A12:7?A3I4k 563?7 .E01_?33 6F?@ :1F A1I@017?2 6F?171966 84:17I6213@6 B79?h�0B65?3A6k 1:?0B_6a 6 1FI1TIB5I1 TBABI568B?@3; IB A12:7?A3�I4k 5637Bk � FB7oJ? :G@6 I?@.XBA1I12?0I1 81TI6AB?@ 81:013 . i 5@1 ?376 IB56IB@o I? 3IB@G0B7oI191 0;FB � B 3 5?91�@1 F0G9191W E06 s@12 � :0B8FB � 3@B�I186@3; I? ;3I1 � 5@1 @BA1? 371x?I6? 6 G2I1x?I6? . >1 :G3@os@1 hGFG@ ABA6?�@1 1:?0B_66 � GF187?@810;Hb6? @?2 x? 381a�3@8B2 @6:B

a(b + c) = ab + ac
. w FBx? 381a3@8B :G3@o hGFG@F0G96? � 6 FBx? 1:?0B_6; 83?91 1FIB ... 676 � IB1h101@� @06 ... 6@. F . mBA :0163k1F6@ :01048 8 F0G9GH I6JG � 01xFB?@3; Bh�3@0BA@IB; B79?h0B .

¨0A6a :062?0 B79?h0B65?3A1a 363@?24 � 8?A@10I1? 63563�7?I6? .
 éîèìê� í îïî çïøêïôõéçç� é ìèêé�îó í ëîõïù�ôï�èëð øì øêïôóõû øï�êïõõéõì�êïòòï í öèì ô îììêùóçïèçì� �ïøóëó

x = {x1, x2, x3}, y = {y1, y2, y3}ì�çïöïéè ìý�îçìôéççìé øìîììêùóçïèçìé ëõì éçóé
x+ y = {x1 + y1, x2 + y2, x3 + y3}. ïêóïçèìô ûòçì éçóð ùôï � !¶½°¸ ±´¯ ³¸ ´º¾Ã¯¿¯±º¯í

xy = |x| |y| cosα, "#�$ �%&êïôçìé øêìó�ôéùéçó� ùõóç ôéîèìêìô çï îìëóçûë û�õï òé ùû çóòó í ó Ã¯¶Àµ´¸ ±´¯ ³¸ ´º¾Ã¯¿¯±º¯í
z = x× y,�ùé ôéîèìê

z
øì ùõóçé êïôéç

'( ùé�ëèôóèéõüç�òó ) éëèü òïõéçüîïð çïèð îï � *ïò í ôììý� é �ìôìêð íôçéùêðéèëð îïî ý� øìëèìêìççðð óùéð çéøêéê�ôçìëèó "çéïõ�éýêïóöéëîó�ôóêûë& �  êé�ûõüèïèé �ïùçóò öóëõìò ôì�çóîï� è ôëé �èó ùìøìõçóèéõüç� éêï��ìôìê� ìý ïõ�éýêïóöéëîó	 ó èêïçë+éçùéçèç�	 öóëõï	 �
--



x

y

z

ϕ

¸ º® Æ � Æ� Æ � ¯¶µ´¸ ±´¯ ³¸ ´º¾Ã¯¿¯±º¯

|z| = |x| |y| sinα,è� é � øõì� ïùó øïêïõõéõì�êïòòï í øìëèêìéççì�ì çï ôéîèìêï	
x
í
y "êóë � , �,& íï çïøêïôõéçóé

z
ìøêéùéõðéèëð øì ñøêïôóõû ýûêïôöóîï÷�-ýï ëøìëìýï ûòçì éçóð øì ëôìóò ëôì�ëèôïò ëìôéêúéççì çéøì	ì óçï øêìó�ôéùéçóé ìý�öç�	 öóëéõ �  øéêôìò ëõûöïé "#�$ �%& êé�ûõüèïèìò

xy
ðôõðéèëð ùï é çé ôéîèìê í ï ëîïõðê �  éîèìêçìé  é øêìó�ôéùéçóé ùï�éè ôéîèìê í çì çéè îìòòûèïèóôçìëèó í

x × y 6= y × x
í ó ïëëì+óïèóôçìëèó í

(a × b) × c 6= a × (b × c)
� .êïôùï í ô ìýìó	 ëõûöïð	 ëøêïôéùõóô ùóëèêóýû�èóôç�� �ïîìç � � ïøêóòéê í

(x+ y) × u = x× u+ y × u.

SBII1? 1:63BI6? 3@B0@181a :71bBFA6 8?A@10I191 635637?�I6; 6I@?0?3I1 @?2 � 5@1 G2?b B?@3; IB :;@B5A? � I1 F13@B@15�I1 h471 hGA8B7oI1 F7; 0?817H_66 . gI196? @?10?24 � F1ABTB�@?7o3@81 A1@104k 8 �F18?A@10I4? � 80?2?IB TBI62B71 F?3;@A63@0BI6_ � 3@B76 F1ABT48B@o3; 8 1FI1 AB3BI6? . E1;867B3o 1h1�T06213@o � 8 /6F?Io? . �@A04763o J601A6? 81T21xI13@6 0?J?I6;I184k TBFB5 . {1TI6A71 9012BFI1? :17? 6337?F18BI6a � 6 k74�IG7 :1@1A 0?TG7o@B@18 .E?0?5637?II4? `BA@104 � 1:0?F?7;Hb6? :18101@I4? @15�A6 0BT86@6; IBGA6 � 1h45I1 01xFBH@3; IB hBT? 31TFBI6; I184kAB@?9106a 24J7?I6; . gI196? FG2BH@ 6IB5? � 356@B; � 5@1 0BT�86@6? 2B@?2B@6A6 8 IB6h17oJ ?a 3@?:?I6 TB8636@ 1@ 0?J?I6;371xI4k TBF B5 @6:B @?10?24 �?02B . g171F?x o � 311@8?@3@8?I�I1 � IB:0B87;?@ G3676; A @BA62 _?7;2 � I1 :B0 I?0?FA1 Gk1F6@ 89GF1A FBx? 8 37G5B? G3:?kB . ^71xIB; TBF B5B 3@BI186@3; 0 123476Jo 8 @12 37G5B? � A19FB ?? 0?J?I6? :0681F6@ A :1;87?I6HI184k :G@?a � 1@A04@6? A1@104k 83?�@BA6 5Bb? 62??@ 63@15I6�A12 I? 1FIG TBFB5G� B h17oJGH 3181AG:I13@o :0656I .
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�BA6? 83:4JA6 8 63@1066 2B@?2B@6A6 h476 IB6h17?? ;0�A626W E?0842 :06k1F6@ IB G2 635637?I6? h?3A1I?5I1 2B74k
Ú>oH@1I � � ?ahI6_Û � IB A1@1012 3@16@ :15@6 83; 2B@?2B@6AB .

�5?Io :1ABTB@?7oI4a :062?0 � BA3612B@6AB �17219101�8B F7; @?1066 8?01;@I13@?a . �@1 � 31h3@8?II1 � h471 3F?7BI1W>B :?084a 8T97;F � I65?91 131h?II191 . �172191018 :0?F71x673@016@o @?106H 8?01;@I13@?a � ABA 0BTF?7 @?1066 2?04 � IB 13I1�8? �@BA6k�@1 � BA3612 . ^@B0@18B; :71b BFAB � 1:;@o IB :;@B5�A? � B :137?F 3@86; 90BIF61TI4 . >B F1796? 91F4 0Bh1@B �17�2191018B 3@BI186@3; 1FI1a 6T IB6h17?? _6@60G?24k . m43;562B@?2B@6A18 8A7H5BH@3; 8 0Bh1@G � k6x6IB @?1066 8?01;@�I13@?a :?0?3@0B68B?@3; 8 I?h13A0?h .�376 A12G�@1 ABx?@3; � 5@1 @BA191 310@B :010484 � 63A7H�56@?7oI1 F?71 GFB56 � IBF1 � ABA 918106@3; � FG2B@o FB7oJ ? . ^?�h?3@16213@o @810?I6; :?081IB5B7oI4k :13@G7B@18 15?Io 84�31AB . >?1hk1F621 1@3?5o 2B33G :016904JI4k 8B06BI@18 � 6T�h?xB@o TBh7GxF?I6a � :1x?0@818B@o 2B71a 8491F1a 0BF6 h17o�J1a ... >B :18?0kI13@6 13@B?@3; A12:BA@I4a 6 801F? h4 I?8T0B5�I4a 0?TG7o@B@ � I1 1I 1:0?F?7;?@ 83? FB7oI?aJ ?? F86x?I6? .�1?�A@1 21x?@ 0B3_?I6@o 3ABTBII1? � ABA G2B7?I6? TB37G9:?0811@A048B@?7?a . S ?3AB@o � TB5?2 :1F5?0A68B@o 2B74? 0BT�2?04 3@B0@181a :71b BFA6W mBA TB@?2 � 5@1 62?II1 2B74? 0BT�2?04 386F?@?7o3@8GH@ 1 8?76566 . {?Fo 3B2B; ;0AB; 83:4J�AB 8 63@1066 2B@?2B@6A6 � :1T6_61IIB; TB:63o 5637B . �FIB3@015AB
an . . . a1a0 = an · 10n + . . .+ a1 · 10 + a0,

I1 ABA184 :137?F 3@86; 5 E0?F3@B8o@? � 5@1 h471 h4 3 2B@?2B�@6A1a :06 TB:636 563?7 0623A62 3:131h12 .
���[�P(Q�N � �!M! Q�Q�N 6
#� � ï îìòøõéîëç� é öóëõï øìõé�çì ô��õðçûèü ë ýìõéé ìý� é� èìöîó �êé�çóð � .ûëèü í îïî ó øêé ùé í êéöü óùéè ìý �õéòéçèï	

z = x+ iy
ë èì� õóúüêï�çó+é� í öèì

i2
êïôçì çé

−1
í ï õ�ýìòû çïøéêéù �ïùïççìòû öóëõû

α+iβ "ôèìò öóëõé í ôì�òì çì í ó
−1

& � � éîìèìê� é ôïêóïçè� �èì� ëóëèéò� ý�õó ùé�èïõüçì øêìêïýìèïç� � ëõûöï� ¿·½7±²8 Äº®¯½
(i2 = 0)

ó ¿Ã´9±²8
(i2 = 1)

�-ùçïîì îìòøõéîëç� é öóëõï ó ùûïõüç� é "óõó ùôì�ç� é& ) �èì í îïî �ìôìêðèíùôé ýìõüúóé êï�çó+� ��ëõó îìòøõéîëç� é öóëõï çï	ìùðèëð ô 
 ïêôïèéêé òïèéòïèóîó í èì ùû�ïõüç� é ó ùôì�ç� é öóëõï ) ëûèü çéýìõüúóé ìèôéèôõéçóð í øêéùëèïôõð��óéóçèéêéë õóúü ô û�îó	 ëéîèìêï	 øêóõì éçó� �
-D



, � :óøéêîìòøõéîëç� é öóëõï "îôïèéêçóìç� & í ìèîê� è� é :ïòóõüèìçìò íðôõð�èëð öéè�êé	òéêç�òó ìý;éîèïòó ôóùï
Z = α+ iβ + jγ + kδ,�ùé

α
í
β
í
γ
í
δ
) ùé�ëèôóèéõüç� é öóëõï í ï

1
í
i
í
j
í
k
) öéè�êé ýï�óëç�	éùóçó+� í ûùìôõéèôìêð��ó	 ëììèçìúéçóðò

i2 = j2 = k2 = ijk = −1,ìèîûùï "ë ûöéèìò èì�ì í öèì
1
) ìý�öçïð éùóçó+ï& ëõéùûéè

ij = −ji = k, jk = −kj = i,

ki = −jk = j.æçì�ùï îôïèéêçóìç� ëöóèï� è ìýìý� éçóéò îìòøõéîëç�	 öóëéõ í çì �èìçé ýìõéé öéò øìø�èîï ô�ùïèü  éõïéòìé �ï ùé�ëèôóèéõüçìé � <ïëúóêéçóéøìõð îìòøõéîëç�	 öóëéõ çéôì�òì çì ýé� øìèéêó èé	 óõó óç�	 ïêó
òéèó�öéëîó	 ëôì�ëèô � .êìó�ôéùéçóé îôïèéêçóìçìô í çïøêóòéê í çéîìòòûèïèóôçì �$ � =çïîìòëèôì ë ôéîèìêç�ò óëöóëõéçóéò çï øéêô�	 øìêï	 çéêéùîìøêóôìùóè î ��
 ìêóó � *êûùç� é �éìòéèêóöéëîóé �ïùïöó çïöóçï� è êéúïèü�ëð ñîïî øì òïëõû÷� >ìõüúóé îìõõéî+óó øêóòéêìô óòé�èëð ô ûöéýçóîï	 �?� �ùéëü ìëèïçìôóòëð õóúü çï 
 ïîèé ëõì éçóð ôêï� éçó� øì øêïôóõûøïêïõõéõì�êïòòï � �èì ôéëüòï çéìöéôóùçì ó ùï é çéì óùïççì í ìëìýéççì íéëõó ûöéëèü í öèì èêé	òéêç� é øìôìêìè� çé îìòòûèóêû� è@ �

r
v

O

ω

¸ º®Æ� ÆA Æ �¸B ¯±º¯ C Ã¯¶µ´¸
*éò çé òéçéé ôêï� éçóé ô

R3
ùé�ëèôóèéõüçì óòééè ôéîèìêçû� øêó�êìùû� (èïçùïêèçìé îóçéòïèóöéëîìé ùìîï�ïèéõüëèôì çéëîìõüîì �êìòì�ùîì

@�ìòòûèóêû� è ýéëîìçéöçì òïõ� é øìôìêìè� í öèì ó ìøêéùéõðéè ôéîèìê�ç�� 	ïêïîèéê ôêï� éçó� ô
R3

�

-<



ó ìøóêïéèëð çï øêìëèêïçëèôéççìé ôììýêï éçóé � .êó óëøìõü�ìôïçóó ôéî�èìêçì�ì ïøøïêïèï ûëóõóé ò� ëõó øìöèó çé èêéýûéèëð � D óçé�çïð ëîìêìëèü
v
îìç+ï êïùóûë�ôéîèìêï

r
øêó ôêï� éçóó ôìîêû� ìëó í øêì	ìùð� é� öéêé�çïöïõì îììêùóçïè

0
í ë û�õìôì� ëîìêìëèü�

ω
êïôçï

v = ω × r, "#�$ �E&�ùé "øìîï 
 ìêòïõüçì & ôéîèìê
ω
çïøêïôõéç øì ìëó ôêï� éçóð "ô ëèìêìçûíìøêéùéõðéòû� øì ñøêïôóõû ýûêïôöóîï÷& � -öéçü øìõé�çïð 
 ìêòûõï í îëèï�èó � �ëõó èéõì ûöïëèôûéè ô ùôû	 ôêï� éçóð	

ω1

ó
ω2

í èì õóçé�ç� é ëîìêìëèó
v1 = ω1 × r

ó
v2 = ω2 × rëîõïù�ôï� èëð í ó êé�ûõüèóêû�� ïð ëîìêìëèü ìîï��ôïéèëð êïôçì�

v = ω1 × r + ω2 × r = (ω1 + ω2) × r,öèì ó ùïéè çû ç�� ô�ôìù � <é�ûõüèóêû�� éé ùôó éçóé øêìóë	ìùóè ë ôéî�èìêçì� û�õìôì� ëîìêìëèü�
ω = ω1 + ω2

�
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SB7?A1 :1aF?@ @1@� A@1 I? TIB�?@� AGFB 6F?@.
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x
í

y ∈ [0, 1]
çï�ìôéò

π
À®´º¾» ¯¸ º»²»ºÁ éëõó

{x− y} = {kπ}øêó çéîìèìêìò +éõìò í øìõì óèéõüçìò óõó ìèêó+ïèéõüçìò í
k
�-èêé�ìî

[0, 1]
êï�ìýüéò çï çéøéêéëéîï��óéëð òçì éëèôï

Zα π
�ëìó�òéêóò�	öóëéõ í ô îïùìò

Zα


óîëóêûéò øì ìùçìòû �õéòéçèû
zα "ïîëóìòï ô� ýìêï& íó� îìèìê�	 ìýêï�ûéò òçì éëèôì

Z
í ó êïëëòìèêóò òçì éëèôïå

Zk = {Z + kπ}.D é�îì ôóùéèü í öèì
Zk

øéêé	ìùóè ô
Zp (p > k)

øêó ëùôó�é ìùçì� öïëèó�õéòéçèìô
Zk

çï êïëëèìðçóé
(p− k)π

ôøêïôì ó ùêû�ì� öïëèó ) çï êïëëèì�ðçóé
1 − (p − k)π

ôõéôì � � êû�óòó ëõìôïòó í
Zk

òì çì êï�êé�ïèü çï ùôéöïëèó ó í øéêéùôó�ïð èé í îïî èôéêù� é èéõï í ìýêï�ìôïèü
Zp "ëõûöï� p < kêïëëòïèêóôïéèëð ïçïõì�óöçìÿ & � � ïîìçé+ ìöéôóùçì í öèì
Zk

Ã ®·»» ¯ ¿¼µÃ¯®7 ´µ¸ ¯¾´¶
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��ì õ�ýïð øìùøìëõéùìôïèéõüçìëèü
Zγk

ô ëûòòé èì é ùïéè ôéëü ìèêé��ìî
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øìëõé øêéùôïêóèéõüçì� øéêéëèêì�îó òçì éëèô
Zγk

îïî èôéêù�	èéõ � � .ì�èìòûí éëõó ëéòé�ëèôì
{Zk}

êï�ýóèì ó�çïöïõüçì çï òóõõóìç ýéë�îìçéöç�	 ëìôìîûøçìëèé�
{Zγk}

í èì ó� îï ùì� èïîì� ëìôìîûøçìëèó òì çìëõì óèü ìèêé�ìî
[0, 1]

í ï øìèìò òóõõóìç ìèêé�îìô øìëèïôóèü êðùìò í ìýêï��ìôïô
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ó� îûëîìô
[0, 1]

�<ï�ûòééèëð í �èì øìîï õóúü ®Ä¯µ±° ¸Ã±´®´®µÃ½ ¯±±´®µ 7 "îûýìô çéìùó�çïîìô�	 êï�òéêìô & í øêéùëèïôõð�� ïð ëìýì� øéêô�� úï� ô çïøêïôõéçóóêé�ûõüèïèï >ïçï	ï Ï *ïêëîì�ì í îìèìê�� ô çïöïõé øêìúõì�ì ôéîï ìëû� é�ëèôóõ � ïûëùìê
 � � ïõéé òì çì øìîï�ïèü í öèì ô
R3

öóëõì ñîûëîìô÷ òì çìëùéõïèü îìçéöç�ò í çì ùõð �èì�ì èêéýûéèëð öûèü ýìõüúé èéêøéçóð �

å(ìëèìð�óé ó� ôëéôì�òì ç�	 �õéòéçèìô
{z + kπ}

í
z ∈ Z

�ÿ�ëõó îìç+� ìèêé�îï
[0, 1]

ëìéùóçóèü í ìýêï�ìôïô ìîêû çìëèü í èì
Zp

ó�
Zk

ýûùéè øìõûöïèüëð  éëèîóò øìôìêìèìò �� <ï�êé�ïçóé ó ùôó éçóé öïëèé� øéêéôìùóè
Zγk

ô
Zk

�  êé�ûõüèïèé ëì�ôìîûøçìëèü òçì éëèô
{Zγk}

øéêé	ìùóè ô øìõçû� ëìôìîûøçìëèü
{Zk}
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y[k] − y[k − 1]
:06 8k1FI12 369IB7?

y[k]
. m19FB 6T hB7BI318191311@I1J?I6;

x[k] + y[k] − y[k − 1] = y[k]
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f1(x, y) = x2 − 2xy + y2,

f2(x, y) = x2 − y2ô�êì ùéç� � . éêô�� ìýêï� ïéèëð ô çûõü øêó
x = y

í ôèìêì� ) îïî øêó
x = y

í èïî ó øêó
x = −y

�? éùû çóòó óòééèëð øêóç+óøóïõüçïð êï�çó+ï � �ûçî+óð
f2

ìøêéùé�õðéè ëéùõì í ó ëéùõìôì� 	ïêïîèéê îêóèóöéëîì� èìöîó çé òì éè ý� èü çï�êûúéç ùìýïôõéçóéò öõéçìô èêéèüé�ì øìêðùîï ó ô�úé � � êû�óòó ëõìôïòó íõ� ýïð 
ûçî+óð
f(x, y) = x2 − y2 + ϕ(x, y),�ùé êðù *��õìêï

ϕ(x, y)
çïöóçïéèëð ë öõéçìô øìêðùîï çé òéçéé èêéèüé�ì íèïî é óòééè ëéùõìôû� îêóèóöéëîû� èìöîû� .êóöéò ìýð�ïèéõüçì ëû� é�ëèôû� è çéõóçé�ç� é îììêùóçïè�

u
í
v
èïîóé í öèì ô ìîêéëèçìëèó çûõð

f [x(u, v), y(u, v)] = u2 − v2.�óöé�ì øìùìýçì�ì çéõü�ð ëîï�ïèü ì øéêôìò òçì�ìöõéçé
f1
� .êóýïôõé�çóé î çéòû öõéçìô ýìõéé ô� ëìîì�ì øìêðùîï òì éè òéçðèü 	ïêïîèéê îêó�èóöéëîì� èìöîó èïî óõó óçïöé � ìý� éò ëõûöïé çéô�êì ùéççì� îêóèóöéëîì� èìöîó û 
ûçî+óó

f(x1, . . . , xn)
íôëé�ùï ëû� éëèôû� è çéõóçé�ç� é îììêùóçïè� í ô îìèìê�	

f
ô ìîêéëèçìëèóçûõð óòééè ôóù

f = z21 + . . .+ z2k − z2k+1 . . .− z2n, "á �$ �$&îìçéöçì í øêó ûëõìôóó í öèì
f(0) = 0
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�èìè êé�ûõüèïè ó�ôéëèéç îïî õéòòï ? ìêëï í ï 
ûçî+óó ôóùï "á �$ �$& çï���ôï� èëð » ´¸ ®´Ã®¶º» º ®¯¿½» ºí îìèìê� é óëöéêø� ôï�è ëèêûîèûêçì ûëèì��öóô� é îêóèóöéëîóé èìöîó �
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sin x =
x

1!
− x3

3!
+
x5

5!
− . . .

676
x = 2

∞∑

k=1

(−1)k+1 sin kx

k
, x ∈ (−π, π),
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f(x) = c1ϕ1(x) + . . .+ cnϕn(x) + . . .
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Rn TBFB5B 1:0?F?7?I6;
max
x∈X

f(x)
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J =

1∫

0

xdx

1 + (y′)2
, y(0) = 0, y(1) = 1
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Jn → 0F7;

yn(x) = x+ sin2 nπx.
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f(x)

@BA6k � 5@1

O O
a) b)

1 1

f(x)
f1(x)

y y

x x
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max
x∈[0,1]

|f(x)| = 1.
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f(x)

8

f1(x) =






f(2x)
F7;

x ∈
[
0, 1

2

]

f(1)
F7;

x ∈
[
1
2
, 1

]
,
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h(τ, x) =






f(τx)
F7;

x ∈
[
0, 1
τ

]

f(1)
F7;

x ∈
[

1
τ
, 1

]
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τ
1@ - F1 = .>B 8@1012 JB9? 83?

f1(x)
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f2(x)
.

V0B`6A
f2(x)

318:BFB?@ 3 90B`6A12
f1(x)

IB [
0, 1

2
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f2(1) = 1 ÚIBA71II4a :GIA@60 IB 063 . --.-î Û .m?:?0o Ú:137?FI6a J B9Û 83? `GIA_66

f2(x)
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f0(x)
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f0(1) = 1
. S ?`102B_6?a 21�x?@ 37Gx6@o

H(x, λ) = λf0(x) + (1 − λ) f2(x), λ ∈ [0, 1].
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δ(x)ϕ(x) dx = ϕ(0)
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Z3m ZQj RQXQ_Wym Q Û . wF?; 01F67B3o ABA 30?F3@81 :0?1F17?I6;3@B0191 tEn�:B0BF1A3BÝ 6T 1h7B3@6 A8BI@181�2?kBI65?3A6kI?:06;@I13@?a . ^G@o :B0BF1A3B 8 @12 � 5@1 8 I?A1@104k 36�@GB_6;k s7?2?I@B0I4? 5B3@6_4 � h7B91FB0; G0B8I?I6H � 0?�F6I9?0B � 1h;TBI4 3197B31848B@o :18?F?I6? F0G9 3 F0G912 � ABAh4 29I18?II1 1h2?I68B;3o 369IB7B26 � 8 IB0GJ ?I6? TB:0?@B38?0k38?@184k 3A1013@?a .j12 :18@1067 `1AG3 3 A17G2h1842 ;a_12 . EB0BF1A3B I?@�:13A17oAG I?@ 0BT765I4k 5B3@6_ . �B3@6_4 � 217 � I? 1@F?7o�

å. ïêïùìîë ��çúèé�çï Ï .ìùìõüëîì�ì Ï <ì�éçï "#á$� ��&
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I4? 1h�?A@4 � B 76Jo 0BTI4? 76_B 5?91�@1 ?F6I191 . E1s@12GI6ABA191 1h2?IB 369IB7B26 811hb? I?@� ABA I?@ ?91 2?xFG 1@�0Bx?I6;26 1FI191 :0?F2?@B 8 0BTI4k T?0AB7Bk .�@1h4 k1@o ABA�@1 :?0?FB@o I?840BT621? � j12 �IB0631�8B7 � BIB7196H . iA8B06G2 3 04hA1a :01?_60G?@3; IB F8B 8TB�62I1 :?0:?IF6AG7;0I4k sA0BIB . >Bh7HFB@?7o � A1@1012G 86F�I4 @17oA1 sA0BI4 � G8?0?I � 5@1 ?3@o F8? 04hA6 . E1@12 1I TB2?�5B?@� 5@1 6k :18?F ?I6? 3197B318BII1 � 6 F?7B?@ 8481F 1 IB7656629I18?II191 1h2?IB 369IB7B26 .{1@� 31h3@8?II1 � 6 83; :B0BF692B . m0HA 3 BA8B06G212 69�0B?@ 0?JBHbGH 017o � 6 IB ?91 35?@ 21xI1 1@I?3@6 83H :1�:G7;0I13@o 6F?6 � A1@10B; kGF1�h?FI1 F1 36k :10 @7??@. ^B�21? 6I@?0?3I1? � 5@1 j12 � 3A10?a 83?91 � :0B8 � I1 6F?; G:?0�7B3o 8 97GkGH 3@?IG. ^6@GB_6; 8 5?2�@1 IB:126IB?@ B@213`?�0G TB01xF?I6; A8BI@181a 2?kBI6A6 . mB2 5@1�@1 F17xI1 h471A17?hB@o3; . ^ 2?0@81a @15A6 GJ76 � 0?J68 Ü :G3@o A17?h7?@3;�I?:1I;@I1 5@1 �� 6 @19F B GFB713o :06FG2B@o 2B@?2B@65?3A6a6I3@0G2?I@. XF?3o :1AB 83? TB3@1:106713o IB BA8B06G2? .
�ìõìçìòçïð øïêïùó�òï óòééè èïî é ùêû�ì� çé�ïôóëóò�� óëèìöçóî �

�çïõó�óêûð ýé�ûëøéúç� é øìø�èîó õìîïõó�ï+óó øïòðèó í çé�êì
ó�óìõì�.êóýêïò øêóú éõ î �ïîõ�öéçó� ì �ìõì�êï
óöéëîìò ûëèêì�ëèôé òì��ï í öèìèì é ô��õðùóè øéêëøéîèóôçì í çì ìëèïéèëð øìîï çï êï��ìôìêçìò ûêìôçé �

Ë� Ì� N àáàÎÐÔ�ÔÎÏÖã��Ò� ©ãÏÑ
E06 6TG5?I66 F6IB265?3A6k 363@?2 TIB56@?7oI4a 6I@?0?3 :0?F �3@B87;?@ F86x?I6? 8 :0?F?7Bk 3B2191 B@@0BA@10B . { 37G5B?I?:0?048I191 80?2?I6 0BTI11h0BT6? 81T21xI13@?a ZQ RS 3TU3^
TVW I? 15?Io 8?76A1 . E0656IB :013@B . m0?h18BI6? ?F6I3@8?I�I13@6 0?J?I6; Ú-D .-.=Û I? :1T817;?@ @0B?A@106;2 3B21:?0?3?�AB@o3; � 6 @19FB 8B06BI@4 21xI1 356@B@o IB :B7o_Bk . { 37G5B?
n ≥ 3

TB:0?@ 3B21:?0?3?5?I6; @0B?A@106a Gx? h17oJ1a 0176I? 690B?@� 6 371xI4? B@@0BA@104 81TI6ABH@ 8 F1817oI1 :01�3@4k 3 86FG 363@?2Bk .{1@ 63@1065?3A6 :?084a Ú3@0BII4aÛ QVVXQUV3X ¥3X 1Z�Q
Ú-KCD 9.Û 8 363@?2?

ẋ = −10x+ 10y,
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ẏ = 28x− y − xz,

ż = −8

3
z + xy.

wT1h0Bx?I6a B@@0BA@10B �10?I_B Gx? 1@:?5B@BI1 � :1xB�7Ga � h17oJ? � 5?2 0?:01FGA_6a g1I4 �6T4 . >65?91 131h?II191IB 86F 1I 6T 3?h; I? :0?F3@B87;?@. �@1�@1 801F? :?0?A0G5?I�I191 21@AB I6@1A . nBT2?0I13@o � F01hIB; � F86x?I6? @0B?A@1�066 � kB1@65I1? � 15?Io 5G83@86@?7oI1? A TBFBI6H IB5B7oI4kFBII4k . t@6 381a3@8B 356@BH@3; kB0BA@?063@65?3A626 B@06�hG@B26 TVXQZZ[2 QVVXQUV3X 3` .
(óçìøèóîó í ûòûùêð��óéëð ìúóýïèüëð ô øêì�çì�ï	 öï� é í öéò �èì ùì�øûëîïéè èéìêóð ôéêìðèçìëèé� í ùìõ ç� øìëèïôóèü D ìêéç+û øïòðèçóî � � é�õì ô èìò í öèì D ìêéç+ ) òéèéìêìõì�í ï ó�ûöéççïð óò ëóëèéòï óòééè øêðòìéìèçìúéçóé î îìçôéî+óó ô ïèòìë
 éêé � �ýéùóôúóëü ô ëôéê	öûôëèôóèéõü�çìëèó óëëõéùûéò�	 èêïéîèìêó� í ìç çïøóëïõ ëèïèü� ñ� � �òì éè õó ô�òï	îê�õ�úéî ýïýìöîó ô >êï�óõóó øìêìùóèü èìêçïùì ô *é	ïëéþ÷ ) ðôçì çï�òéîïð í öèì ë òéèéìêìõì�ìô çé çïùì òçì�ì ëøêïúóôïèü �
�10?I_B 5B3@1 :0?81TI13;@ TB 1hIB0Gx?I6? F?@?026I601�8BII191 kB13B 8 G37186;k 2B71a 0BT2?0I13@6 � 5@1 I?3A17oA1:G@B?@ AB0@4 . m0B?A@106; 1FI12?0I1a 363@?24

xk+1 = {Cxk}, Ú-D .D .<Û9F? `69G0I4? 3A1hA6 1h1TIB5BH@ F01hIGH 5B3@o 5637B � :06h17oJ6k
C

FB?@ 15?Io AB5?3@8?II4a :062?0 kB1@65I191 :1�8?F ?I6; � 50?T845BaI1 A06@65I191 A TBFBI6H IB5B7oI4k FBI�I4k . �@1 AB3B?@3; I?:0?048I191 80?2?I6 � @1 kB13 0BI?? F?a�3@86@?7oI1 6TG5B73; 8 13I18I12 F7; h67o;0FI4k 363@?2 h1�7?? 8431A6k 0BT2?0I13@?aä � I1 63@6II1? TIB5?I6? 1@A04@6;�10?I_B 83? x? 8 F0G912 . j47 1hIB0Gx?I 15?Io :013@1a :06�2?0 Z1`[_\m QZZ34 F6IB265?3A1a 363@?24 31 371xI42 :18?F?�I6?2 � A1@10B; 81TI6A7B 8 0;F181a 8456376@?7oI1a :0BA@6A? .^@B71 ;3I1 � 5@1 F?@?026I6018BII4a kB13 � s@1 I? sAT1@6AB �B 0G@6IB � A1@10GH 24 I? TB2?5B76 0BIoJ ? 6T�TB 1@3G@3@86;8456376@?7oI4k 30?F3@8 .
ÿæ ���ï ôõóðçóð �êïôóèï+óó ëòé� éçóé # � ôé� éëèôï ôì  ëéõéççì� çï #ëò çï êïëëèìðçóó � ®Ã¯µ ´Ã´9 Â´¿ ìè =éòõó ùéõïéè ïýëìõ� èçì çéìøêéùéõéç�ç�ò çïøêïôõéçóé ùôó éçóð òìõéîûõ� ô ïèòìë
 éêé öéêé� # ëéî � ">ìêéõü &
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�376 G91FI1 � 36@GB_6; 5?2�@1 IB:126IB?@ GABTBI6? {?a?0�J@0B3312 :062?0B I69F? I?F6``?0?I_60G?21a `GIA_66 � @1�9FB ABA TB8?F121 ;3I1 � 5@1 :15@6 83? `GIA_66 I?F6``?0?I�_60G?24 . m?2 I? 2?I?? . . . �5?Io 8BxI1 :1I62B@o � ABA 21x?@0?B76T18B@o3; @B 676 6IB; 81T21xI13@o � 6 21x?@ 76� . S ?@?0�26I6018BII4a kB13 219 h4 81TI6AB@o 8 363@?2Bk 76Jo 3 15?Io371xI42 1:63BI6?2 � 3:?_6B7oI1 3A1I3@0G6018BII4k � I?0?B�763@65I4k � 6 @19FB h4 24 62?76 F?71 3183?2 3 F0G91a {3?�7?II1a .
Ë� Ì� ¨Ï×ãáÑáÖÏ Ï��ÏÐàÎ�Ï×Ï ÑÕ�ÓãÙ
>BF1 1@2?@6@o � 5@1 s``?A@68I1? 6TG5?I6? 3@0BII4k B@@0BA�@1018 ?F8B 76 h471 81T21xI1 h?T 3180?2?II1a 8456376@?7o�I1a @?kI6A6 . n17o A12:oH@?018 8 2B@?2B@6A? 811hb? 15?Io 8?�76AB � k1@; 8 h17oJ6I3@8? 37G5B?8 s@1 6 TB8GB76018BI1 . E062?�04 6 5637?II4a sA3:?062?I@ @0BF6_61II1 1@I136763o A 0BT�0;FG 83:1219B@?7oI4k 30?F3@8 . m?:?0o x? 1I6 :13@?:?II1 :?�0?k1F;@ 8 AB@?9106H 97B8?I3@8GHb6k `BA@1018 � 1:0?F?7;H�b6k G3:?k 6337?F18BI6; .{1@ F1817oI1 ;0A6a :062?0 :013@?aJ ?a 6@?0B_61II1a :01�_?FG04

xk+1 = f(xk, λ), Ú-D .< .UÛ8 A1@101a A12:oH@?04 :1T817676 1hIB0Gx6@o GF686@?7oI4?;87?I6; . S7; 1:0?F?7?II13@6 :G3@o � IB:062?0 �
xk+1 = λxk(1 − xk). Ú-D .< .CÛE06 :13@?:?II12 G8?765?I66

λ
1@ IG7; 6 84J? 8 363@?2?:0163k1F6@ h?3A1I?5I1? 56371 h6`G0AB_6a . ^IB5B7B :01_?FG�0B Ú-D .< .CÛ 3k1F6@3; A 1FI12G 6T 0B8I18?36a � :1@12 IB56IBH@:1;87;@o3; _6A74 GF81?I6; � �

C(2), C(22), . . .
� TB@?2 :06 I?A1�@1012

λ∞
IB3@G:B?@ kB13 � :1@12 3I18B _6A74 6 @.F .

�� ïøêóòéê í òì çì çé ìøïëïèüëð í öèì îéò �èì ýûùéè ñîìçëèêûîèóôçìøêéù;ðôõéçì÷ çéô�öóëõóòìé öóëõì í 	ìèð ó	 çéëìó�òéêóòìé ýìõüúóçëèôì �' óîõìò
C(p)

ùõóç�
p
çï��ôï� è èêïéîèìêó�

x1, . . . , xp

í ûùìôõéèôìêð ���û� "#$ �� ��& ó ûëõìôó� x1 = xp
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n?B76TB_6; J601A191 3:?A@0B 81T21xI13@?a IB 15?Io :01�3@1a 21F?76 Ú-D .< .CÛ 3B2B :1 3?h? GF686@?7oIB . >1 ?b? h1�7?? GF686@?7oI1 F0G91? . { h6`G0AB_61II1a AB0@6I? 363@?24
Ú-D .< .CÛ 1hIB0Gx68BH@3; 1hb6? TBA1I12?0I13@6 :18?F?I6; 36�3@?2 86FB Ú-D .< .UÛ � I?TB863624? 8 J601A12 F6B:BT1I? 1@ @191 �ABA18B A1IA0?@I1 `GIA_6;

f(x, λ)
. { 5B3@I13@6 � 8 :137?F18B�@?7oI13@6

λ1, λ2, . . .
h6`G0AB_61II4k TIB5?I6a :B0B2?@0B

λ6 FBx? 8 5637?II12 1:63BI66 3B26k _6A718
C(p)

84;87;?@3;IB7656? \ZW`1X TQS hZ[2 U3ZTV QZV � 5?91 F1 6337?F18BI6a �?a�9?IhBG2B I6A@1 I? 1x6FB7 .�b? 1FIB GF686@?7oIB; TBA1I12?0I13@o � W1X QX2Wj �WUS 3`¬ QX U3`TU3y3 . � 376 8 Ú-D .< .UÛ 6T 3Gb?3@818BI6; _6A7B
C(m)37?FG?@ 3Gb?3@818BI6?

C(n)
� :6JG@

m � n
. � B0A183A6a G3@B�I1867 1hbGH TBA1I12?0I13@o Ü

3 � 5 � 7 � . . . � 3 · 2 � 5 · 2 � 7 · 2 � . . .

� 3 · 22 � 5 · 22 � 7 · 22 . . . � 23 � 22 � 2 � 1.

mBA62 1h0BT12 � _6A7
C(3)

ABA h4 3B24a 3@B0J6a . wT ?91IB7656; 84@?AB?@ 3Gb?3@818BI6? 7Hh4k F0G96k _6A718 ! .nBTI11h0BT6? I?76I?aI13@?a 1:;@o F1 I?A1@101a 3@?:?I61ABT48B?@3; F?A10B_6?a .
>B s@G 2?7oI6_G 7oH@ 81FG 2I196? 6337?F18BI6; I?76I?a�I1a F6IB26A6 . >B:062?0 � T3SWV3Z[ . . . E1IB5B7G ABx?@3; � 5@181@� F?3AB@o � G5?@ AGh65?3A1a 313@B87;Hb?a :0681F6@ A G0B8�I?I6H �10@8?9B l F? �06TB � 0?J ?I6; A1@10191 1h7BFBH@ 5G�F?3I426 381a3@8B26 . >1 :1@12 84;3I;?@3; � 5@1 3176@1II4?0?J ?I6; FBH@ 6 2I196? F0G96? G0B8I?I6; . w 3@BI186@3; :1�I;@I1 � 5@1 3176@1I 8 I?76I?aI12 260? � s@1 � 3A10?? � I? 63�A7H5?I6? � B 3@BIFB0@ 0B3:013@0BI?I6; 369IB7B .{:?5B@7?I6? h?3A1I?5I191 2I1911h0BT6; I?76I?aI13@?a � :1�86F6212G� :0163@?AB?@ 6T :06845A6 FG2B@o 1 `GIA_6;k 8 AB�@?9106;k 0;F18 msa710B � 5@1 :101xFB?@ 677HT6H I?635?0:B�?24k 81T21xI13@?a . {1 2I196k x? TBFB5Bk s@1 I? TB@0B968B?@3Gb?3@8B F?7B . mB2 8BxI1 F0G91? . {4:GA7B 676 819IG@B `GIA�_6; � 62??@ 76 sA3@0?2B7oI4? @15A6 � IB3A17oA1 h43@01 0B3@?@
@ ëé �èó êé�ûõüèïè� øìùêìýçì ó úóêìîì ìèêï éç� ô õóèéêïèûêé �
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:1 30B8I?I6H 3 76I?aI1a . { s@12 37G5B? �@sa710183A6a � B3�310@62?I@ :0?80Bb B?@3; 8 GA0BJ?I6? � 6 13@B?@3; I? @BA 2I1918B06BI@18 . E1s@12G �I?76I?aIB; _?76IB � 1hJ60IB � I1 I? IB�3@17oA1 � ABA 2I1962 ABx?@3; .
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SG2BH I? 1J6hG3o � ?376 I65?91 I?3ABx G.
KLM

�12h6I60G; IBh7HFB?24? `BA@4 6 I?2I191 `BI@BT60G; �2B@?2B@6AB 0BT868B?@3; 8J60o . E1@12 8F0G9 1hIB0Gx68BH@3;:01@6810?56; � 6 @19F B 81TI6AB?@ I?1hk1F6213@o A1:B@o 897Gho �TBF B8B;3o 1hb626 81:013B26 . g1xI1 76 F1ABTB@o 83? 2B@?2B�@65?3A6? 63@6I4 W �:0B8FBIB 76 G8?0?II13@o 8 @12 � 5@1 F7;7Hh1a TBF B56 3Gb?3@8G?@ B79106@2 ?? 0?J ?I6;W
Ë� ÌË ÓÒÓÔÑÕÔÐÏÑá²
nB3321@062 `GIA_6H
f(n) =

{
1, "#$% & ' "#()%*+,- ./0%#% *%#$/ π "#)1 2,&+, n %'34%5 0,'2(' #"6"2,7;
0, & 02,)%&+,6 #$3*/".

�BA 1:0?F?7;@o TIB5?I6;
f(n)

W >B:0BJ68B?@3; :01_?FG0B:137?F18B@?7oI191 845637?I6; _6`0 F?3;@65I191 0BT71x?I6;5637B
π
. � 376 IB ABA12�@1 JB9? :1;87;?@3;

n
313?FI6k 3?2?�01A � :01_?33 13@BIB8768B?@3; �

f(n) = 1
. �FIBA1 ?376

f(n) = 0
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F7; I?A1@10191
n
� @1 GABTBIIB; :01_?FG0B I?s``?A@68IB �I6A19FB I? 13@BI186@3; .nBTG2??@3; � I?0Bh1@13:131hI13@o A1IA0?@I1a 3k?24 84563�7?I6a I65?91 I? F1ABT48B?@. {1T21xI1 � 3Gb ?3@8G?@ F0G9B; s`�`?A@68IB; :01_?FG0B .mB x? :?3I; 801F? h4 81TI6AB?@ 8 36@GB_66

g(n) =

{
1, "#$% #34"#)&3") 8"$," k, 7&/'2/) 7,),2,9, #,'"2:%) 2,&+, n%'34%5 0,'2(' #"6"2,7;
0, & 02,)%&+,6 #$3*/".

>1 `GIA_6;
g(n)

84563762B � :13A17oAG
g(n) ≡ 1

.S 1ABTB@?7o3@81 s@191 `BA@B 7?9A1 8481F6@3; 6T 6T8?3@I1a@?10?24 �01I?A?0B Ü
l Sj RX 3W]`3S hZ3y3 WXX Q�W3ZQS hZ3y3 kWTS Q

a
W Sif[2

x
a
y

(x < y)
`T1y_Q m 3Y Z3 \UQ]QVh �1S[1

m
W
n

VQUW1a kV3
x < ma− n < y.

E1ABx?2 @?:?0o � 5@1 83?9FB 3Gb ?3@8G?@ A8BF0B@ _?7191 563�7B � F?3;@65IB; TB:63o A1@10191 IB56IB?@3; 3 7Hh1a IB:?0?FTBF BII1a :137?F18B@?7oI13@6 _6`0 . EG3@o TBFBIIB; :137?F1�8B@?7oI13@o _6`0 1h1TIB5B?@ 8 F?3;@65I1a TB:636 56371
A
.> B2 IBF1 :1ABTB@o � 5@1 IBaFG@3; @BA6? _?74?

k
6
p
� 5@1

A · 10p < k2 < (A+ 1) · 10p.

E137? 719B06`26018BI6; I?0B8?I3@81 :?0?k1F6@ 8
lgA < 2 lg k − p < lg(A+ 1).

E17B9B;
k = 2m �

p = 2q
� :17G5B?2

lgA < 2m lg 2 − 2q < lg(A+ 1).

SB7?? 13@B?@3; 3137B@o3; IB @?10?2G �01I?A?0B .>B s@12 `1I? 21x?@ 81TI6AIG@o 8:?5B@7?I6? � 5@1 6 3
f(n)36@GB_6; @BA 676 6IB5? 0BT0?J B?@3; . >1 s@1 s21_66 .

�102B7oI1? F1ABTB@?7o3@81 3Gb?3@818BI6; I?845637624k`GIA_6a F1817oI1 :013@1 . w 3k1FI42 :GIA@12 ;87;?@3; IG2?�0B_6; 8456376@?7oI4k :0190B22 � 5@1 7?9A1 3F?7B@o . ^IB5B7B21xI1 :?0?356@B@o :0190B224 6T 1FI1a A12BIF4 � :1@12 6T
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Iϕ̈ = −kϕ "ϕ ) û�ìõ í
I
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 éêéç+óïõüç�	 ëôì�ëèôï	

eiωt
í
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